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Abstract
We investigate the effects of cosmological constant on the characteristic peaks in the iron line
profile in the black hole accretion disk X-ray spectrum. Our results show that for a fixed mass black
hole, the peaks become less pronounced and closer together with increasing cosmological constant.
This effect is mainly due to the slower rotational velocity of Keplerian orbits at large radii in the
Schwarzschild-de Sitter spacetime as compared to those for the Schwarzschild spacetime. This
change of the iron line profile is similar to that obtained from increasing the outer radius of the
accretion disk size or reducing the emission intensity power law exponent in the accretion disk
emissivity models.
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I. INTRODUCTION
Observing the iron Kα line in X-ray fluorescence emitted from the accretion disk around
a black hole is an attractive way to probe the geometry of spacetime in this region, because
this normally narrow line is seen by a remote observer as a characteristic two-peak profile
flourescence spectrum [1],[2]. This profile carries the imprint of the spacetime metric in the
vicinity of the emitting region; the curvature of spacetime affects this line both by Doppler
broadening from the moving scatterer in the accretion disk and by gravitational redshift of
the scattered photons. Quantitative calculations of this iron line profile have been previously
obtained for two natural choices of black hole backgrounds: the Schwarzschild and Kerr
solutions (see e.g. [1], [3], [4], [5]). The resulting spectra are qualitatively the same, but
are potentially observationally distinguishable with high resolution spectral observations. In
recent years, with the launch of Chandra and XMM-Newton, the quality of the observed
spectra is beginning to approach the resolution neccessary to discriminate between these
two background spacetimes [6].
It is natural to ask whether or not other background spacetimes will produce identifi-
able features in precision measurements of iron line profiles. In this paper we will derive
the formalism needed for the calculation of the spectrum of a narrow emission line in a
static spherically symmetric metric. We then apply this formalism to consider the effects
of the cosmological constant Λ on the line shape of the accretion disk spectra. In section
II we present the necessary formalism and in section III we apply these results to the case
of the Schwarzschild-de Sitter metric. In section IV we descibe our numerical algorithm,
an adaptation of [7] for numerically computing the spectra. In section V we present our
calculated line profiles. We find that the cosmological constant modifies the line profile for
values of the dimensionless parameter ΛM2 > 10−7 that characterizes this effect. At the
present time, WMAP observations give a value of ΩΛ = .73± .04 [8]. This value corresponds
to Λ = 1.3× 10−46km−2 in units where G = c = 1. Thus this cosmological constant causes
deviations from the Schwarzschild line profile only for a black hole that is unrealistically
massive, 1019 solar masses. Alternately, for black holes in galactic cores with masses of 106
to 108 solar masses, a cosmological constant 23 or more orders of magnitude greater than
the current WMAP value is needed to cause such deviations. Although these results clearly
imply that iron line spectra will not provide an independent measurement of the cosmo-
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logical constant, they do point out that metric deviations from other spherically symmetric
sources could produce a measurable effect.
II. THE IRON LINE SPECTRUM
To calculate the observed X-ray florescence spectrum from an accretion disk, we need to
add the flux reaching the remote observer from every infinitesimal element of the disk. The
intensity and the frequency of flux received from each infinitesimal element is determined by a
variety of factors: the rotational velocity of the emitter, its direction relative to the observer,
the lensing and the gravitational red shift effects of the black hole, and the emissivity of
disk at the position of that infinitesimal element. Following e.g. [1], we assume that the
fluorescing particles travel along the circular timelike geodesics (Keplerian orbits), that the
disk itself is angularly uniform, stationary and thin, and that the wavelength of the emitted
photons is short enough that geometric optics applies (See [1] for the discussion of these
assumptions.). There are a variety of approaches to explicitly carrying out this calculation:
[1], [3], [4], [7], [9]. We follow that of Chen and Eardley,[7], with minor modifications as we
find it intuitive and easily generalized to an arbitrary static spherically symmetric metric.
The frequency shift g of a photon travelling from emitter to observer is given by
g =
ν
νe
=
−p · uo
−p · ue
, (1)
where νe is the frequency of the photon in the emitter’s frame, ν is the frequency of the
photon as measured by the observer, p is the 4-momentum of the photon along its null
geodesic and uobs and uem are the 4-velocities of the observer and the emitter respectively.
The total bolometric flux F seen by an observer is linked to that emitted from the source
by a factor of g4 due to conservation of 4-volume [10]. Hence, the observed and emitted
intensities at a given frequency are related to each other by a factor of g3.
The observed line flux at a given frequency from the accretion disk can be readily ex-
pressed in terms of the specific intensity I(Ω, r, νe) in the emitter’s frame and the frequency
shift g:
Fν =
∫
g3I(Ω, r, νe)dΩ, (2)
3
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FIG. 1: Emission angle α and inclination angle i in the spherical coordinate system of the observer
(3). Here z is the observer’s z-axis, z′ is the accretion disk’s axis, x is the x-axis in either coordinates
and i is the disk inclination.
where the integration is over the angles subtended by the disk image. Note that Fν will
depend on the inclination of the disc relative to the line of sight of the observer.
To proceed further, explicit expressions for the intensity and frequency shift are necessary;
we will derive this first for a general static, spherically symmetric metric. These calculations
can be considerably simplified by a convenient choice of the coordinates. Following [7], we
use a spherical coordinate system (t, r, θ, φ) centered around the gravitational source and
z-axis pointing towards the observer. Further, without loss of generality, we choose the
accretion disk axis to be in the y = 0 plane, with the axis projection towards negative x.
(See Fig. 1, based on Fig.1 of [7].) The inclination angle i is the angle between z-axis and
the disk axis.
The general static spherically symmetric metric can be written in these coordinates as
ds2 = −T (r)dt2 +R(r)−1dr2 + r2dΩ2. (3)
Note that spherical symmetry implies that all geodesics will be planar. The 4-velocity of a
circular timelike geodesic in the accretion disk at the radial coordinate r in this metric can
be expressed using the linear rotational velocity of a circular timelike emitter v
v =
√
rT ′
2
(4)
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and a factor γ
γ =
1√
T − v2 (5)
as
uae = γ(t
a +
1
r
v cosαθa +
1
r sin θ
v sinαφa), (6)
where ta,ra, θa and φa are the coordinate basis vectors and α is the angle between the plane
of the disk and the plane defined by the emitting point, the center of the disk and the
observer. It can be expressed in terms of i and φ as
cosα = sin i sinφ. (7)
The polar angle of the intersection in these coordinates is given by
cot θ = cosφ tan i; (8)
The 4-momentum of a photon emitted from the accretion disk is
pa = hν(
1
T
ta +
√
R
T
− R( b
r
)2ra +
b
r2
θa), (9)
where b is the photon impact parameter. The corresponding null geodesic lies in the plane
connecting the observer, the emitter and the center of the disk.
There are two natural choices for the 4-velocity uo of a timelike observer in a spherically
symmetric metric: that corresponding to an observer maintaining a fixed distance d from
the black hole,
uao =
1√
T (d)
ta (10)
and that corresponding to a radially freely falling observer at distance d,
uao =
ǫ
T (d)
ta ±
√
R(
ǫ2
T (d)
− 1) ra (11)
where ǫ is a constant determined by the initial radial velocity. Note that if the spherically
symmetric metric is not asymptotically flat, (10) will not approach the timelike Killing
vector ta for large d. These two 4-velocities coincide for the choice of zero radial velocity at
d, ǫ =
√
T (d). In the following we will use (11).
The frequency shift is conveniently written in terms of two factors:
g = gobsgdisk, (12)
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where for a given photon impact parameter b, gobs depends on d and ǫ only,
gobs =
ǫ
T (d)
−
√
1
T (d)
(
ǫ2
T (d)
− 1)
√
1− T (d) b
2
d2
(13)
and the expression for gdisk depends on the emitter’s position r only:
gdisk =
1
γ(1− b
r
v sin i sinφ)
. (14)
We will assume that the iron line emission in the emitter’s frame is monochromatic and
isotropic with no local line broadening. For this case the dependence on radius r of the
specific intensity is commonly modelled by a power law dependence. Assuming an optically
thin disk,
I(Ω, r, νe) =
κ
4πµ′
r−pδ(νe − ν0). (15)
The power p is a real number usually taken to be in the range of 1 ≤ p ≤ 3; κ is a constant
with units of power. The factor µ′ is the cosine of the angle between the emitted photon
and the disk axis in the emitter’s frame,
µ′ =
gb cos i
r sin θ
. (16)
An explicit derivation of the form µ′ in the observer’s coordinates is given in Ref. [4].
The infinitesimal solid angle subtended by the disk is easily expressed in terms of the
impact parameter b and φ:
dΩ =
bdbdφ
d2
(17)
Combining terms and reexpressing νe = ν/g in (15) we have
Fν =
κ
4πd2
∫
g3
r sin θ
b cos i
r−pδ(ν − gν0)bdbdφ (18)
using the identity δ(ν/g − ν0) = gδ(ν − gν0). The range of integration is over φ and b
such that the null geodesics intersect the disk. The coordinates r, θ of the intersection point
are implicitly a function of b, φ, and i; a null geodesic of given b and φ will intersect the
accretion disc at angle i at a given r and θ. For a given frequency v, contributions to Fv
are from points on the accretion disk with equal value of g (See [11] Fig.7 for an example
of such contours for Schwarzschild.). Observe that the intersection of the null geodesic with
the accretion disc can occur either before or after the turning point.
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III. THE SCHWARZSCHILD - DE SITTER METRIC
We now apply the results of section II to the Schwarzschild - de Sitter metric. This
metric describes a static spherically symmetric vacuum solution of Einstein equations with
cosmological constant. Cosmologically, this is a good model of an isolated black hole in a
dark energy-dominated spatially flat universe. The Schwarzschild - de Sitter metric in static
coordinates is
ds2 = (1− 2M
r
− 1
3
Λr2)dt2 +
dr2
1− 2M
r
− 1
3
Λr2
+ r2dΩ2 . (19)
The effective potential for this spherically-symmetric metric is
Veff =
l2
2r2
− M
r
− Ml
2
r3
− 1
6
Λr2 (20)
where l is the conserved orbital angular momentum. Circular orbits correspond to the
extrema of this effective potential Veff :
M
r2
− Λr
2
3
− l
2
r3
+
3Ml2
r4
= 0 . (21)
The circular orbit is stable when the extremum is a minimum:
Λ
3
(4− 15M
r
) <
M
r3
(1− 6M
r
) . (22)
For ΛM2 = 0, we recover the familiar circular orbit stability limit for the Schwarzschild
metric: r > 6M [10]. We now examine in more detail the orbit stability for the case
where the spacetime is close to that of Schwarzschild, namely that of small cosmological
constant relative to the black hole mass, 2M <<
√
Λ/3 and distances far from the black
hole, d >> 2M [14]. See, for example, [12] for a detailed analysis of geodesics in the
Schwarzschild-de Sitter spacetime.
Unlike in the case of the Schwarzschild solution, circular orbits become unstable at
both small and large radii in the metric. The instablility at small radii occurs as for the
Schwarzshild solution. For small enough ΛM2, the minimum stable circular orbit is ap-
proximately rmin ≃ 6M + 648ΛM3. In contrast to the Schwarzshild solution, there is a
new instablilty at large radii; the “negative pressure” produced by the cosmological con-
stant destabilizes the outer circular orbits. From (22) we can calculate that the maximum
possible stable orbit is approximately at
rmax = (
3M
4Λ
)
1
3 (23)
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Objects beyond this limit would either find a smaller stable circular orbit or become un-
bound. This effect limits the value of Λ for which the Schwarzchild-de Sitter metric makes
sense as a background for a black hole with an accretion disk. For black holes of between 1
and 1010 solar masses, a range from stellar remnant black holes to the mass of active galactic
nuclei, the current estimated value of Λ yields an rmax of the order of 20 to 40, 000 parsec.
The linear rotational velocity seen by the observer of an element of the disk at radius r
is
v =
√
M
r
− Λr
2
3
, (24)
or slower than the velocity at the same radius in the Schwarzschild metric, v =
√
M
r
. This
is as expected, as the cosmological term acts as a repulsive force and partially screens the
central mass [15].
To calculate the spectrum, we need to choose an observer. We will assume that the ob-
server has zero radial velocity relative to the black hole; with this assumption, the observer’s
4-velocity coincides with (10) and gobs becomes
gobs =
1√
1− 2M
d
− Λ
3
d2
(25)
independent of the integration parameters of (18). The contribution from the disk is
gdisk =
√
1− 3M
r
1− b
r
√
M
r
− 1
3
Λr2 sinα
. (26)
As gobs is independent of the integration parameters in (18) it can be factored out of the
integral; (18) becomes
Fν =
κg3obs
4πd2
∫
g3disk
r sin θ
b cos i
r−pδ(ν − gν0)bdbdφ . (27)
The factor
κg3
obs
4pid2
depends on both the distance to the accretion disk d and Λ; the integrand
is now independent of d.
IV. THE NUMERICAL SPECTRUM CALCULATION PROCEDURE
Each emission point of the accretion disk ”seen” by a remote observer corresponds to a
distinct pair of impact parameter and polar angle (b, φ). Thus sampling the (b, φ) space is
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FIG. 2: For numerical calculations the accretion disk image is divided into N2 nearly square
elements whose boundaries are lines of constant b and constant phi. The area of each element is
chosen to be proportional to the square of b.
equivalent to sampling the whole disk. This approach, due to [7], circumvents the need to
explicitly evaluate the Jacobian of coordinate transformation from the disk coordinates to
observer coordinates. In other approaches ([1], [3], [9]) this Jacobian is calculated either
numerically or analytically.
The spectrum calculation algorithm is as follows:
1. Specify the metric and the disk parameters: the desired number of disk image elements
to use, the inner and outer disk radii in dimensionless units, rin, rout, the inclination
angle i of the disk and the emission intensity power law exponent p (see equation (15)).
2. Sample the (b, φ) space. To accomplish this, we discretize dφ = 2π/N and take
db = 2π b/N . The impact parameter b ranges from zero to a value determined by the
outer disk radius, chosen so that no null geodesic with greater b will intersect the disk.
The flux contribution from each element and its frequency shift is taken to be that of
center of each element.
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3. For each sample point, integrate the null geodesic inward from the observer to to the
emission point, defined as the point where the geodesic intersects the disk. (Points
in (b, φ) space with null geodesics found not to intersect the disk at this step are
discarded.)
4. Calculate the frequency shift using equation (26) and the spectral flux from the disk
element using equation (18). Add the resulting intensity to the appropriate frequency
point of the spectrum.
The usual way of numerically integrating the null geodesic is to use the second-order
geodesic equations in order to avoid complications near turning points, especially for the
high-deflection angle case (see, for example, [7], [10], [11]). In our case, however, nearly all
of the flux comes along null geodesics with small to moderate deflection, because the inner
radius of the accretion disk is at least at 6M . Thus, the null geodesic equation
dr
dθ
= ±b
√
(
r
b
)2 +
2M
r
− 1 + Λ r
2
3
, (28)
can be integrated by first-order methods. To produce a ”bounce” from a turning point, we
change the sign of dr
dθ
from − to + when the expression under the square root in 28 becomes
negative. This approach is stable under changes in stepsize and reproduces certain analytic
deflection results to high accuracy.
The code implementing this algorithm is available from the authors.
Note that we modeled the disk image as a collection of small nearly-square elements
in the space (b, φ) (see Fig. 2), and calculated the flux from each one, assuming uniform
flux from each piece. The error introduced by this procedure adds noise to the resulting
line profile. Higher noise level for the same discretization is seen for large outer radii and
for high inclination angle. This is because, for a given number of disk elements, fewer
image elements overlap the important inner disk area for a large disk. Similarly, for a large
inclination angle, fewer elements overlap the disk, causing a higher noise level. However,
we observed no measurable systematic error even for significant discretization noise. Our
solution was to increase the number of points (and line profile computation time) from the
usual choice of 106 to 108 in such cases.
For algorithm verification purposes, we calculated line profiles for the Schwarzschild met-
ric with the parameter sets taken from [1] Fig.1, [7] Fig.4a-7a [16]. Our simulation results
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for the Schwarzschild case are indistinguishable from those in the original papers. For ex-
ample, a set of line profile spectra calculated using the parameters taken from Fig.1b of [1]
is shown on Fig. 3 and replicates the spectra from that paper. We feel confident that our
implementation of the accretion disk fluorescence spectrum calculations is solid enough to
apply it to the Schwarzschild - de Sitter case.
V. RESULTS FOR THE SCHWARZSCHILD - DE SITTER METRIC
In the Schwarzschild case, the line profile of the black hole normalized to the height and
position of the blue peak, does not depend on the mass M of the black hole. Instead, it
depends on the three dimensionless parameters: the ratios of inner and outer accretion disk
radius to the black hole mass and the emissivity parameter p. The emissivity parameter p
determines the sensitivity of the line profile to the other disk radii. The line profile for p = 2
([1]) is more sensitive to the choice of inner and outer radii than that for p = 3 ([7]); this is
easily understood as the total flux from a fixed radius falls off as r2−p.
The line profile in the Schwarzschild-de Sitter metric is similar to that of the Schwarzschild
case; however the normalized line profile now depends on four dimensionless parameters. The
additional parameter is ΛM2 as discussed in section IV. In addition, note that the absolute
position of the blue peak in frequency will in principle depend on both the distance to the
observer and the cosmological constant. However, for the range of ΛM2 in our simulations,
this effect is negligible.
Fig. 4 shows the effects of cosmological constant on the normalized accretion disk fluores-
cence spectra for the disk of inner radius 7M and outer radius 70M , fixed disk inclination
i = 30o and a constant emissivity index p = 2. The parameter ΛM2 is varied from 1× 10−8
to 2.2 × 10−6. This maximum value of ΛM2 corresponds to an maximum outermost stable
orbit of radius 70M (cf. 23)). This data set is similar to that in Fig.1 of [1]. However, for
most of the data sets used in [1, 7], the outer radius exceeds the radius of the outermost
stable circular orbit values of ΛM2 > 10−7, which is barely large enough to produce a no-
ticeable difference in the spectrum. We reduced outer disk radius to just 70M to allow for
larger ΛM2 and more pronounced effects from the cosmological constant. The simulation
shows that the effects are negligible for ΛM2 below about 10−7. Above that, the relative
height of the red peaks get progressively larger with the increase of the cosmological term.
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In addition, the peaks tend to get closer together.
Figures 5-7 show the dependence of spectra on the cosmological term for the specified
values of inclination angles, emissivity index and disk dimensions. The results are similar
to that illustrated in equation (24) for all cases.
As discussed earlier, the data above are limited to the parameter sets that ensure stable
circular orbits for all parts of the disk. Much more dramatic differences from Schwarzschild
spectra can be obtained if the condition of Keplerian orbit stability at the outer disk is
neglected. Consider, for example, a line profile for ΛM2 = 10−5 and p = 2 illustrated in
Fig. 8. This line profile deviates significantly from the familiar two peak line profile seen
generally. Of course, it is very likely that extending the accretion disk into region with
unstable orbits is unphysical.
VI. DISCUSSION
One can intuitively understand the effects of the cosmological constant as follows: Λ
acts as a negative pressure, reducing the rotational velocity of the disk at a given radius
in comparison to the Schwarzschild case. The farther away a circular geodesic is from the
black hole, the more pronounced is the velocity reduction. Now most of the material is
concentrated in the outer layers of the disk and as the red (blue) peak is produced by the
parts of the disk moving fastest away (towards) the observer, slower rotational velocity
farther away means less pronounced peaks. This effect is somewhat similar to that of
reducing the maximum outer radius or increasing the emissivity index, both of which shift
the relative contribution to the spectrum in favor of the inner parts of the disk.
One can estimate the magnitude of the cosmological constant required to see its effect
on the iron line profile for black holes. Assuming the cosmological constant value consistent
with the current observations, This value corresponds to Λ = 1.3 × 10−46km−2 in units
where G = c = 1, calculated from the WMAP-based values for the dark energy density
ΩΛ = 0.73 ± 0.04 and the Hubble constant h = (0.71 ± 0.04)100km/s/Mpc [8]. We find
that a solar mass black hole, i.e. order of magnitude size of astrophysical black holes with
observed iron line profiles yields ΛM2 = 2.9 × 10−46, an undetectable effect. For black
holes of 108 solar masses, roughly the upper limit of galactic black hole masses, yields
ΛM2 = 2.9 × 10−30. To produce a deviation from the Schwarzschild accretion disk iron
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line profile, this factor has to larger than 10−7, which requires either an increase in Λ by 23
orders of magnitude or an increase in the black hole mass by over 11 orders of magnitude
to 3× 1019 solar masses. Thus observations of the line shape of the iron line profile will not
provide sensitive independent bounds on the cosmological constant. This conclusion also
holds for other homogeneous dark energy models, which, as they have similar dark energy
densities ([13]), have similar metrics.
Although these results clearly imply that iron line spectra will not provide an independent
measurement of the cosmological constant, they do provide an example how spherically
symmetric metric deviations can potentially produce a measurable effect.
Acknowledgments
The authors would like to thank the Natural Sciences and Engineering Research Council
of Canada for its support.
[1] A. C. Fabian, M. J. Rees, L. Stella, and N. E. White, Mon. Not. Roy. Astron. Soc. 238, 729
(1989).
[2] Y. Tanaka et al., Nature 375, 659 (1995).
[3] C. Fanton, M. Calvani, F. de Felice, and A. Cadez, PASJ 49, 159 (1997).
[4] K. Chen, J. P. Halpern, and A. V. Filippenko, Astrophys. J. 339, 742 (1989).
[5] A. Laor, Astrophys. J. 376, 90 (1991).
[6] A. C. Fabian, K. Iwasawa, C. S. Reynolds, and A. J. Young, PASP 112, 1145 (2000).
[7] K. Chen and D. M. Eardley, Astrophys. J. 382, 125 (1991).
[8] C. L. Bennett et al., Astrophys. J. Suppl. 148, 1 (2003), astro-ph/0302207.
[9] C. T. Cunningham, Astrophys. J. 202, 788 (1975).
[10] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation (San Francisco: W.H. Freeman
and Co., 1973).
[11] J.-P. Luminet, AAP 75, 228 (1979).
[12] Z. Stuchlik and S. Hledik, Phys. Rev. D60, 044006 (1999).
[13] M. Kunz, P.-S. Corasaniti, D. Parkinson, and E. J. Copeland (2003), astro-ph/0307346.
13
00.2
0.4
0.6
0.8
1
1.2
0.7 0.8 0.9 1 1.1 1.2 1.3
Fl
ux
, n
or
m
al
iz
ed
 to
 th
e 
bl
ue
 p
ea
k 
he
ig
ht
Frequency shift g=ωo/ωe
rmax
100M
200M
500M
3000M
FIG. 3: Spectra calculated for the Schwarzchild metric with parameters taken from [1] Fig.1b:
i = 30o, p = 2, rmin = 20M , rmax = 100M, 200M, 500M, 3000M (left to right).
[14] There is a limit on how big Λ can be for an accretion disk to appear at all. For example, for
large Λ the term (1− 2M
r
− 1
3
Λr2) is negative for all r, thus making the t coordinate spacelike.
[15] At r = (3M
Λ
)
1
3 the central mass is completely screened, so that a particle can ”hover” at that
distance without rotating at all. This distance, however, is farther from the center than the
maximum stable circular orbit, and so the equilibrium is unstable.
[16] The captions of [7] Fig.4 and Fig.6 appear to be swapped in print.
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FIG. 4: Spectra calculated for a range of ΛM2 for inclination angle i = 30o, p = 2, rmin = 7M ,
rmax = 70M . Note that the line for ΛM
2 = 1×10−7 nearly coincides with that for the Schwarzschild
case on this and other graphs.
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FIG. 5: Spectra calculated for a range of ΛM2 for inclination angle i = 70o, p = 2, rmin = 7M ,
rmax = 70M .
15
00.2
0.4
0.6
0.8
1
1.2
0.6 0.7 0.8 0.9 1 1.1 1.2 1.3
Fl
ux
, n
or
m
al
iz
ed
 to
 th
e 
bl
ue
 p
ea
k 
he
ig
ht
Frequency shift g=ωo/ωe
ΛM2
0
1x10-7
1x10-6
2.2x10-6
FIG. 6: Spectra calculated for a range of ΛM2 for inclination angle i = 30o, p = 1, rmin = 7M ,
rmax = 70M .
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FIG. 7: Spectra calculated for a range of ΛM2 for inclination angle i = 30o, p = 2, rmin = 20M ,
rmax = 70M .
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FIG. 8: Spectra calculated for ΛM2 = 10−5 for inclination angle i = 30◦, p = 2, rmin = 7M ,
rmax = 70M . Note that the maximum radius exceeds the value allowed by the orbit stability
condition for ΛM2 = 1× 10−5.
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